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Abstract The incompatibility between Larmor’s formula for radiation losses
(at a rate proportional to square of the acceleration of the electric charge) and
the radiation reaction (the rate of loss of momentum of the accelerated charge
proportional to its rate of change of acceleration) was recently shown to arise
because a proper distinction is not kept between radiation losses calculated
in terms of a retarded time and those expressed in terms of a “real time”.
However, the occurrence of this disparity between two formulations is usually
reconciled in literature by proposing an acceleration-dependent Schott energy
lying somewhere in the nearby electromagnetic fields of an accelerated charge.
But nobody has yet unambiguously demonstrated where the Schott energy
actually lies in the fields. By scrutinizing electromagnetic fields of a uniformly
accelerated charge, a mathematically tractable case, we show that contrary to
the ideas prevalent in the literature, there is no evidence of any acceleration-
dependent Schott energy-momentum in the electromagnetic fields, anywhere in
the near vicinity of the charge or elsewhere. Accordingly, we expose the fallacy
of the Schott energy-momentum term, which should henceforth be abandoned,
in the electromagnetic radiation formulation.
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1 Introduction
According to Larmor’s formula (or its relativistic generalization, Lie´nard’s for-
mula), electromagnetic power is radiated from an accelerated charge at a rate
proportional to square of its acceleration [1,2,3,4]. From that one can also
infer the rate of momentum carried by the electromagnetic radiation which
turns out to be directly proportional to the velocity vector of the charge mul-
tiplied by square of its acceleration [5,6]. The picture here does not seem to
be complete however, because if one attempts to compute the consequential
rate of energy-momentum loss from the radiating charge, one encounters not
only a direct violation of the energy-momentum conservation law but also sees
a conflict with the special theory of relativity [7].
Abraham [8,9] and Lorentz [10,11] derived for an accelerated charge, a
formula for the self-force, widely known as radiation reaction, which gives the
rate of loss of momentum of the accelerated charge proportional to its rate
of change of acceleration [12,13,14,15]. The same formula is also obtained,
independently, from momentum conservation law by using the Maxwell stress
tensor to calculate the rate of electromagnetic momentum flow across a spher-
ical surface surrounding the neighbourhood of a point charge [16]. A scalar
product of the radiation reaction with the velocity of the charge yields the
rate of power loss of the accelerated charge. The radiative power loss can also
be obtained directly from the Poynting flux in the neighbourhood of a point
charge in arbitrary motion, leading exactly to the same formula [17].
The disparity between the two power loss formulas (one proportional to
the square of acceleration and the other proportional to the scalar product of
the velocity and the rate of change of acceleration of the charge), has remained
a nagging puzzle for almost a century. It was recently shown that this well-
known incompatibility in the two formulas is succinctly resolved when a proper
distinction is made between radiation losses expressed in terms of a retarded
time and those expressed in terms of a “real time” [18]. However, according
to the conventional wisdom, the radiative power loss is given correctly by
Larmor’s formula, while the rate of loss of momentum is described correctly
by the radiation reaction formula, and these two apparently conflicting results
are reconciled by proposing the presence of an extra term, called Schott term
[12], in the fields of an accelerated charge. However, a physical meaning of
this acceleration-dependent Schott term is still not clear [6,19,20,21,22,23,24]
and one does not encounter such an acceleration-dependent energy-momentum
term elsewhere in physics.
We shall first get the Schott term in a 4-vector form, from the differences in
the two conflicting formulas. The Schott energy-momentum is thought to be
present in the electromagnetic fields in the vicinity of an accelerated charge.We
shall here examine the case of a uniformly accelerated charge, where the expres-
sion for the electromagnetic fields is relatively simple and the Schott term, if
present therein, should be tractable mathematically in an exact manner. From
a careful scrutiny of the electromagnetic fields of such an accelerated charge,
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we examine whether there is an evidence of the Schott energy-momentum term
in the vicinity of the charge as postulated in the literature.
2 Larmor’s/Lie´nard’s radiation formula
In Larmor’s/Lie´nard’s formulation, the rate of energy-momentum loss of an
accelerated charge due to radiation damping, expressed in a 4-vector form, is
Fµ
1
=
2e2
3c5
v˙αv˙αv
µ , (1)
where in all covariant equations, dot represents a proper time derivative [6].
The time part, F0
1
, is γP1/c, where
P1 =
2e2
3c3
v˙αv˙α =
2e2γ4
3c3
[
v˙ · v˙ +
γ2(v˙ · v)2
c2
]
(2)
is Lie´nard’s formula (in cgs units) for power being lost by a radiating charge
[2,3,4], and the space part, F i
1
, is γ times the ith component, for i = 1, 2, 3,
of the rate of momentum being lost into radiation [5,6]
F1 =
P1
c2
v . (3)
The radiative power loss for a charge moving with a non-relativistic velocity
(v ≪ c), accordingly, is [2,3,4]
P1 =
2e2v˙2
3c3
, (4)
while the net rate of momentum loss to radiation by such a charge is nil
F1 = 0 . (5)
This is consistent with the radiation pattern possessing an azimuth symmetry
(∝ sin2 φ) in the case of a non-relativistic motion [2,3,4].
3 Abraham-Lorentz radiation reaction
Larmor’s formula purportedly uses Poynting’s theorem of energy conservation
to relate Poynting flux through a spherical surface of radius r at a time t,
to the rate of loss of kinetic energy of the radiating charge at a retarded
time t − r/c. However, in Poynting’s theorem all quantities are supposed to
be calculated for the same instant of time [2,3,4]. A correct application of
the Poynting’s theorem, using real-time values of the charge motion, gives
instantaneous power loss of the charge (in a non-relativistic motion) as [17]
P2 = −
2e2
3c3
v¨ · v . (6)
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Similarly the electromagnetic momentum flow across a surface surrounding
the vicinity of a point charge, computed employing the Maxwell’s stress tensor,
yields a rate of loss of mechanical momentum of the charge [16]
F2 = −
2e2
3c3
v¨ . (7)
Equation (7) is the famous Abraham-Lorentz radiation reaction formula, de-
rived usually in a quite involved way by computing the net self-force on the
accelerated charge [8,9,10,11,12,13,14,15]. For this one considers the charge
to be in the shape of a small spherical shell and the force on every tiny bit of
the shell, due to the time-retarded fields of the rest of the shell charge distri-
bution, is calculated and then the total force is calculated by summing over
the whole spherical shell. But the same result now has been obtained in an
independent manner from the momentum conservation theorem [16].
A relativistic generalization of Eq. (6) yields [15,16]
P2 = −
2e2γ4
3c3
[
v¨ · v +
3γ2(v˙ · v)2
c2
]
, (8)
while a relativistic generalization of Eq. (7) is [14,15,16]
F2 = −
2e2γ2
3c3
[
v¨ +
γ2(v¨ · v)v
c2
+
3γ2(v˙ · v)v˙
c2
+
3γ4(v˙ · v)2v
c4
]
. (9)
We can express Eqs. (8) and (9) in a 4-vector form Fµ
2
, where
F02 =
γP2
c
, (10)
F i2 = γF
i
2, i = 1, 2, 3 . (11)
4 Schott energy-momentum term
Power loss by the charge due to radiation reaction (Eq. (6)), is related to the
radiated power by Larmor’s formula (Eq. (4)), in a non-relativistic case, as
P2 = P1 −
2e2
3c3
d(v˙ · v)
dt
. (12)
The last term on the right hand side in Eq. (12) is known as the Schott
term, after Schott [12] who first brought it to attention. Schott term is a total
derivative and is thought in literature to arise from an acceleration-dependent
energy, −2e2(v˙ · v)/3c3, in electromagnetic fields [19,20,21,22,23,24].
We can also express F2 in terms of F1 (Eqs. (7) and (5), again in a non-
relativistic case) as
F2 = F1 −
2e2
3c3
v¨ . (13)
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The last term on the right hand side, again, is a total derivative, assumedly
arising from an acceleration-dependent momentum, −2e2v˙/3c3, apparently in
electromagnetic fields.
Radiation reaction in the covariant form [25] yields a 4-vector, Fµs , for the
Schott term
Fµ
2
= Fµ
1
+ Fµs = F
µ
1
−
2e2
3c3
v¨µ . (14)
Fµs is a proper-time derivative of the Schott energy-momentum, E
µ
s = −2e
2v˙µ/3c3.
The 4-acceleration v˙µ is obtained from the 4-velocity (γc, γv) by a differenti-
ation with proper time and the 4-vector Eµs then is
E0s = −
2e2γ4
3c4
v˙ · v, (15)
E is = −
2e2γ2
3c3
[
v˙i +
γ2(v · v˙)vi
c2
]
, i = 1, 2, 3 . (16)
Equation (14) can now be explicitly verified by a proper-time differentiation
of Eµs , in conjunction with Eqs. (2), (3), (8) and (9), to give
F0s = −
2e2
3c3
v¨0 =
γ(P2 − P1)
c
, (17)
F is = −
2e2
3c3
v¨i = γ(Fi
2
− Fi
1
) i = 1, 2, 3 . (18)
It may be noted that in case of radiation reaction, power and force (Eqs. (8)
and (9)) are related by P2 = F2.v, implying
F02 =
F i2vi
γc
, (19)
where vi (i = 1, 2, 3) stands for ith component of the 4-velocity. In contrast,
the relation between force and power in case of Larmor’s radiation formula,
F1 = P1v/c
2 (Eq. (3)), implies
F01 6=
F i1vi
γc
. (20)
Also
F0s 6=
F isvi
γc
, (21)
because
v¨0 =
(v¨ivi + v˙
µv˙µ)
γc
. (22)
An uncomfortable question in Larmor’s radiation loss formula arises in case
of an accelerated charge in its instantaneous rest frame. Due to zero velocity
of the charge, it could not lose any kinetic energy into radiation. However,
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Larmor’s formula, according to which the radiated power is proportional to
square of acceleration of the charge, yields a finite power loss. Even if the
external force causing the acceleration of the charge, were considered to be
responsible for the radiative power as well, it could not have done so, because
at that instant the rate of work being done by the external force would also be
zero as the system has a zero velocity. This embarrassing question is purport-
edly resolved by proposing that there is an equivalent decrease in the Schott
energy (an acceleration-dependent internal energy!) stored within the electro-
magnetic fields in the close vicinity of the accelerated charge. According to this
argument, even if the Schott energy term may be zero in the instantaneous
rest-frame (Eq. (15)), its temporal derivative (Eq. (17)) yields a finite power
loss for the instantly stationary charge equal to that expected from Larmor’s
formula (Eq. (4)).
However, even if this might seem to resolve the particular energy conser-
vation problem, it gives rise to another awkward question about the presence
of momentum for an instantly stationary charge. From Eq. (16) we infer that
there is a finite momentum, −2e2v˙/3c3, in electromagnetic fields in the vicinity
of the charge, even at the instant when the charge is stationary (v = 0). Now
this apparent momentum, which is directly proportional to the acceleration
of the charge, and is strangely independent of the velocity of the charge, at
least in the non-relativistic case, raises a vexing question – How come there is
supposedly a finite momentum in the fields of a stationary charge when there
is no motion of any kind at that instant? We want to examine the case of a
uniformly accelerated charge, where it may be possible to tract the question
in exact mathematical details whether the electromagnetic fields really har-
bour the Schott energy-momentum, somewhere in the close vicinity of such a
charge, as opined in the literature [21,22].
5 Electromagnetic fields around the “present” position of a
uniformly accelerated charge – no trace of Schott
energy-momentum anywhere
A uniformly accelerated motion is understood to imply a motion with a con-
stant proper acceleration, say, g. For simplicity, we may assume a one-dimensional
motion, v ‖ g, since, using a Lorentz transformation, we can always switch to
an appropriate inertial frame in which the velocity component perpendicular
to the acceleration vector is zero. In fact, at any given event, transforming to
the instantaneous rest frame guarantees that for a constant proper acceleration
the motion will be along one dimension.
In the case of a uniform proper acceleration g, Schott term, Fµs is the
4-vector
F0s = −
2e2
3c4
γg2, (23)
F is = −
2e2
3c5
γg2vi, i = 1, 2, 3 , (24)
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while from Eqs. (15) and (16), the Schott energy-momentum 4-vector Eµs is
given by
E0s = −
2e2
3c4
γg · v, (25)
E is = −
2e2
3c3
γ gi, i = 1, 2, 3 . (26)
As it was mentioned earlier, this Schott energy-momentum is thought to be
present in the electromagnetic fields in the near vicinity of an accelerated
charge.
In order to explore the electromagnetic fields around the charge in its neigh-
bourhood, we could attempt to express fields at a time t with respect to the
position and motion of the charge also at the same instant t. It may not be
quite feasible to do so for an arbitrary motion of the charge. However, for a
uniformly accelerated charge, it is possible to solve the expression for electro-
magnetic fields not necessarily in terms of motion of the charge at retarded
time, instead wholly in terms of the “real-time” motion of the charge [27].
We assume that the constant proper acceleration vector, g (= γ3v˙), is along
the +z axis and that the charge, coming from z =∞ at time t = −∞, initially
moves along −z direction, getting constantly decelerated till it comes to rest
momentarily at a point z = α at time t = 0, and then onwards moves with an
increasing speed along the +z direction. Without any loss of generality, we can
choose the origin of the coordinate system so that α = c2/g, then the position
and velocity of the charge at a time t are given by zc = (α
2 + c2t2)1/2 and
β = v/c = ct/zc. The charge happens to be at the same point on the z-axis at
times −t and t, but with velocity in opposite directions, i.e., β(t) = −β(−t)
The expression for electromagnetic fields of such a charge [28], in a spherical
coordinate system (r, θ, φ) with origin at the instantaneous charge position
[29], is
Er =
e(1 + η cos θ)
r2γ2(1 + 2η cos θ + η2 − β2 sin2 θ)3/2
Eθ =
eη sin θ
r2γ2(1 + 2η cos θ + η2 − β2 sin2 θ)3/2
Bφ =
eβ sin θ
r2γ2(1 + 2η cos θ + η2 − β2 sin2 θ)3/2
(27)
with η = gr/2γc2. All the remaining field components are zero.
Since the magnetic field Bφ has linear dependence on β (Eq. (27)), therefore
at any given location (r, θ, φ), Bφ(t) = −Bφ(−t). On the other hand, the
electric field components Er, Eθ do not have such linear dependence on β and
E(t) = E(−t).
From Eq. (27) we can infer the following:
(i) For g = 0, η = 0 and in that case the fields reduce to that of a charge
moving with a uniform velocity β, with the electric field everywhere in a
radial direction from the present position of the charge with B = β ×E [2,3,
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4].
(ii) For a finite g (η 6= 0), the radial component of the Poynting vector, Sr =
c(EθBφ)/4pi, at any time t < 0, when the charge is getting decelerated, is
everywhere (i.e., at any field point r, θ, φ) pointing inward, toward the present
position of the charge.
(iii) At t = 0, β = 0, implying B = 0 everywhere. Thus there is no Poynting
vector seen anywhere at t = 0.
(iv) At time t > 0, when the charge is accelerating, the radial component of
the Poynting vector is everywhere pointing away from the present position of
the charge. In fact, everywhere the Poynting vector at time t1 is equal and
opposite to that at time −t1, for all t1 values.
The electromagnetic field energy in a volume V is given by the volume
integral
1
8pi
∫
V
dV (E2 +B2) . (28)
The field energy density, (E2 +B2)/8pi, being equal at times t1 and −t1, its
volume integral over any chosen V , whether in the vicinity of the charge or
in some far-off zone, is also equal at times t1 and −t1. Now, the acceleration-
dependent Schott energy term, according to Eq. (25), is equal but opposite
at t1 and −t1 (because v = −c
2t1/zc at −t1). Thus the Schott energy should
be making a positive contribution at −t1 and a negative contribution at t1,
which is not consistent with the fact that the actual field energy, computed
from Eq. (28), is identical at t1 and −t1.
One can also compute the electromagnetic field momentum contained within
a volume V from
1
4pic
∫
V
dV (E×B). (29)
Since B = 0 at t = 0 (Eq. (27)), there is no momentum in the electromagnetic
fields anywhere, whether in the vicinity of the charge or in the far-off regions,
in the instantaneous rest frame. Therefore Eq. (26) is clearly violated where
the Schott momentum is proportional to −g even at t = 0, when the charge
is instantly stationary.
Further, for t 6= 0, from Eq. (29) in conjunction with Eq. (27), the electro-
magnetic field momentum is not only equal but in opposite directions at times
t1 and −t1, it is also directly proportional to the instantaneous velocity β.
Now, this again is not in agreement with Eq. (26), where not just the magni-
tude but also the direction of the Schott momentum vector should remain the
same at times t1 and −t1, opposite in direction but directly proportional to
the acceleration g, unlike the electromagnetic field momentum that is directly
proportional to the instantaneous velocity β. In fact, a finite Schott momen-
tum for an accelerated charge in its instantaneous rest frame, as inferred from
Eq. (26), would from the strong principle of equivalence [26] imply a finite
momentum 2e2g/3c3 associated with a charge that is continually at rest in
a gravitational field of strength g, an unpalatable inference for an otherwise
completely static system.
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Thus we find no signature of the acceleration-dependent Schott energy-
momentum terms that were in accordance with Eqs. (25) and (26). We may
add here that the introduction of the Schott energy term to account for the
power loss into radiation but without any equivalent rate of decrease of kinetic
energy of the radiating charge, say, in the instantaneous rest frame, is akin to
the proposal of the loss of internal (rest mass!) energy [30] without a loss of
momentum (c.f. Eqs. (4) and (5)), though in the case of Scott energy it is
thought to be an acceleration-dependent extraneous kind of energy (neither
the rest mass energy nor the kinetic energy, not even some kind of potential
energy that may depend upon location in an external field) present in the elec-
tromagnetic fields and which does not seem to make an appearance elsewhere
in physics. In any case, we see no evidence of the presence of such an energy
term in the fields of a uniformly accelerated charge. Actually it has recently
been shown that the Schott term is merely a difference in rate of change of
energy in self-fields of the charge between retarded and real times [18,31,32].
and contrary to the ideas that have been proposed in the literature [6,19,
20,21,22,23,24], there is no acceleration-dependent extra energy term lurking
somewhere in the electromagnetic fields whether in the near vicinity of the
charge or elsewhere.
6 Conclusions
From the difference between Larmor’s/Lie´nard’s radiation formula and Abraham-
Lorentz radiation reaction formula, we arrived at the expression for Schott
energy-momentum for an accelerated charge. We demonstrated that in the
electromagnetic fields of a uniformly accelerated charge there is no evidence,
whatsoever, of the Schott energy-momentum terms, whether in the near vicin-
ity of the charge or elsewhere. The presence of such terms would have been,
even otherwise, in conflict with the strong principle of equivalence as one
would then infer from them, among other things, a finite momentum for a
charge continually at rest in a gravitational field, an unpalatable inference
for an otherwise completely static system. Since the difference between two
formulations is resolved when a proper distinction is made between radiation
losses calculated in terms of a retarded time and those expressed in terms of
a “real time”, the proposition of Schott energy-momentum terms in fields is
superfluous and needs to be abandoned.
References
1. Larmor, J.: On the theory of the magnetic influence on spectra; and on the radiation
from moving ions, Phil. Mag. 44, 503-512 (1897)
2. Jackson, J.D.: Classical Electrodynamics, 2nd edn. Wiley, New York (1975)
3. Panofsky, W.K.H., Phillips, M.: Classical Electricity and Magnetism, 2nd edn. Addison-
Wesley, Reading (1962)
4. Griffith, D.J.: Introduction to Electrodynamics, 3rd edn. Prentice, New Jersey (1999)
10 A. K. Singal
5. Hartemann, F.V. and Luhmann Jr., N.C.: Classical electrodynamical derivation of the
radiation damping force, Phy. Rev. Lett. 74, 1107-1110 (1995)
6. Rohrlich, F.: The dynamics of a charged sphere and the electron, Am. J. Phys. 65, 1051-
1056 (1997)
7. Singal, A.K.: Disparities of Larmor’s/Lie´nard’s formulations with special relativity and
energy-momentum conservation, J. Phys. Comm. 2, 031002 (2018)
8. Abraham, M.: Zur Theorie der Strahliung,” Ann. Phys. 14, 236-287 (1904)
9. Abraham, M.: Theorie der elektrizitat, Vol II: Elektromagnetische theorie der strahlung,
Teubner, Leipzig (1905).
10. Lorentz, H.A.: Weiterbildung der Maxwellschen Theorie, Encykl. Mathe. Wiss. 2, 145-
280 (1904).
11. Lorentz, H.A.: The theory of electron Teubner, Leipzig (1909); 2nd ed., Dover, New
York (1952)
12. Schott, G.A.: Electromagnetic Radiation, Univ. Press, Cambridge (1912)
13. Page, L., Adams Jr., N.I.: Electrodynamics, D. Van Nostrand, New York (1940)
14. Heitler, W.: The Quantum Theory of Radiation, Oxford, Clarendon (1954)
15. Yaghjian, A.D.: Relativistic Dynamics of a Charged Sphere, 2nd edn. Springer, New
York (2006)
16. Singal, A.K.: Radiation reaction from electromagnetic fields in the neighbourhood of a
point charge, Am. J. Phys. 85, 202-206 (2017)
17. Singal, A.K.: Poynting flux in the neighbourhood of a point charge in arbitrary motion
and radiative power loss, Eur. J. Phys. 37, 045210 (2016)
18. Singal, A.K.: Compatibility of Larmor’s formula with radiation reaction for an acceler-
ated charge, Found. Phys. 46, 554-574 (2016)
19. Teitelboim, C.: Splitting of the Maxwell tensor: radiation reaction without advanced
fields, Phys. Rev. D 1, 1572-1582 (1970)
20. Heras, J.A., O’Connell, R. F.: Generalization of the Schott energy in electrodynamic
radiation theory, Am. J. Phys. 74, 150-153 (2006)
21. Eriksen, E., Grøn, Ø: The significance of the Schott energy in the electrodynamics of
charged particles and their fields, Ind. J. of Phys. 82, 1113-1137 (2008)
22. Grøn, ø.: The significance of the Schott energy for energy-momentum conservation of a
radiating charge obeying the Lorentz-Abraham-Dirac equation, Am. J. Phys. 79, 115-122
(2011)
23. Hammond, R.T.: Relativistic particle motion and radiation reaction in electrodynamics,
El. J. Theor. Phys. 23, 221-258 (2010)
24. Rowland, D.R.: Physical interpretation of the Schott energy of an accelerating point
charge and the question of whether a uniformly accelerated charge radiates, Eur. J. Phys.
31, 1037-1051 (2010)
25. Von Laue, M.: Die wellenstrahlung einer bewegten punktladung nach dem rela-
tivita¨tsprinzip, Ann. Phys. 28, 436-442 (1909)
26. Misner, C.W., Thorne, K.S., Wheeler, J.A.: Gravitation, Freeman, San Fransisco (1973)
27. Born, M.: Die Theorie des starren Elektrons in der Kinematik des Relativita¨tsprinzips,
Ann. Physik 30, 1-56 (1909)
28. Fulton T., Rohrlich, F.: Classical radiation from a uniformly accelerated charge, Ann.
Phys. 9, 499-517 (1960)
29. Singal, A.K.: The equivalence principle and an electric charge in a gravitational field II.
A uniformly accelerated charge does not radiate, Gen. Rel. Grav. 29, 1371-1390 (1997)
30. Bonnor, W.B.: A new equation of motion for a radiating charged particle, Proc. R. Soc.
London A 337, 591-598 (1974)
31. Singal, A.K.: Reply to comment on ‘Poynting flux in the neighbourhood of a point
charge in arbitrary motion and the radiative power losses’, Eur. J. Phys. 39, 018002
(2018)
32. Singal, A.K.: Erratum: Reply to comment on ‘Poynting flux in the neighbourhood of a
point charge in arbitrary motion and the radiative power losses’, Eur. J. Phys. 39, 039601
(2018)
